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Effect of an electric field on heat transfer in
a paraelectric gas

By G. POOTS

Department of Theoretical Mechanics, Bristol University
(Received 21 May 1962 and in revised form 20 August 1962)

This paper deals theoretically with some aspects of the influence of a non-
homogeneous electric field on the laminar convective motion and heat transfer
in paraelectric gas, i.e. a gas consisting of molecules having a permanent electric
dipole moment. It is found that, due to the variation of the dielectric suscepti-
bility with temperature, the electric field produces an electrical buoyancy force.
Convective velocities and heat transfer in the gas near a heated surface are found
to be increased or decreased according as the electrical buoyancy force acts
with or in opposition to the net force of the existing pressure gradient and gravi-
tational buoyancy force.

The equations of motion for a paraelectric gas in the presence of an electric
field are derived in a simplified form by the use of approximations similar to those
of Boussinesq (1903). An exact solution of these equations is presented for the
problem of laminar convection flow, under a pressure gradient, between vertical
concentric cylinders which are maintained at different electrostatic potentials
and whose wall temperatures decrease uniformly with increasing height. Here
the electric field induces a heated down-flow to be superimposed on the existing
cooled up-flow (or heated down-flow).

Boundary-layer equations are also derived for the laminar convective motion
due to a heated charged sphere. These equations are solved by an approximate
method due to Squire (1938).

1. Introduction

Senftleben & Braun (1936) have carried out an experimental investigation on
the effect of an electric field on natural convection flow in gases. They discovered
that if an electrostatic potential difference is applied between a heated horizontal
wire and a concentric cylinder maintained at a lower temperature, the heat trans-
fer from the wire is increased when the annulus is filled with a paraelectric gas,
i.e. a gas consisting of molecules having a permanent electric dipole moment.
The explanation is as follows: in the presence of the radial electric field the
gas will experience an additional body force. This force acts radially inwards
and depends on the strength of the electric field and the dielectric susceptibility,
which decreases with increasing temperature. Consequently an element of hot
gas will experience a lesser force than an element of cold gas in the same position.
Now if the wire were at the same temperature as the surrounding gas the
electrical and gravitational body forces would be in equilibrium with the hydro-
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static pressure and so no flow would ensue, However, if the wire is heated the
resulting temperature gradient near the wire causes a defect in the radial electrical
body force. This is superimposed on the existing defect in the vertical gravita-
tional body force and so there is an increase in the convection of heated gas
away from the wire and so an increase in heat transfer from the wire.

In a later paper Kronig & Schwarz (1949) analysed the measurements of the
above experiment and demonstrated how the results for different gases could be
correlated on the introduction of a new dimensionless group, which plays a simi-
lar role in the effect of the electric forces as the Grashof number in the effect of the
gravitational buoyancy force. The effect of an electric field on heat transfer has
been used in practice for the continuous analysis of gas mixtures containing a
paraelectric component (see Kronig 1942 and Schwarz 1949).

In the present paper some theoretical aspects of the influence of a non-homo-
geneous electric field on heat transfer rates in a paraelectric gas are discussed.
First, in §2 the equations relating to the laminar convective motion of the gas
are considered and simplified. In §3 an exact solution of these equations is
obtained for the flow and heat transfer of a paraelectric gas, under a pressure
gradient, between vertical concentric cylinders which are maintained at different
electrostatic potentials and whose wall temperatures decrease uniformly with
increasing height. In §4 the boundary-layer equations for the convective motion
due to a heated charged sphere are derived and solved by an approximate method.

2, The equations of steady motion

Following Boussinesq (1903) the equations for steady motion of a paraelectric
gas are simplified by assuming that:

(i) The temperature difference T'— 7', is small compared with the absolute
temperature 7}, which is usually taken as the ambient temperature of the gas.

(ii) All physical constants of the gas are independent of the temperature and
allowance is made for variations in density and dielectric susceptibility only in
the calculation of the body forces.

(iii) The fluid is incompressible and viscous heat dissipation may be neglected.

Then the governing equations of motion and the electric field are:

divv = 0, (2.1)

—pvxcurlv = F —grad (p+ }pv?) —-pvcurlcurl v, (2.2)

v.gradT = kdivgrad 7, (2.3)

curlE = 0, (2.4)

and div (1+4my)E = 0. (2.5)

Here v is the velocity, p the density, F the body force, p the pressure, v the
kinematic viscosity, 7' the temperature, k the thermal diffusivity, E the electric
field and y the dielectric susceptibility.

In the case of natural convection, with gravity the only force acting, the gravi-
tational body force per unit volume of gas is

Fg = pg, (2.6)
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and the appropriate equation of state is

p=py_ _T-Ty
Lo T,
However, if the gas is paraelectric there will be an additional force due to the

applied electric field E. The electrical body force per unit volume of gas is (see
Landau & Lifshitz 1960, p. 64)

F, = 1 grad {E%p(0x/op),} — $E2grad x. (2.8)
In order to calculate F,a knowledge of the dependence of y on p and T' isrequired.
This is given by Debye’s theory of electric polarization, according to which for a
dielectric gas (see Loeb 1927, Ch. 10)

_Np » )
v 22 (astln). @

(2.7)

Here N is Avogadro’s number, M the molecular weight, o the polarizability of a
gas molecule, y the dipole moment of a gas molecule and k5 the Boltzmann con-
stant. From Debye’s law it follows that p(dx/op)r = ¥ and expression (2.8)

becomes F, = }xgrad E2, (2.10)
This expression can be further simplified with assumption (i); thus

X(p, T) = Xo+ (9x/0p)1,(P — Po) + (OX[OT) oo (T — To) + .., (2.11)
where the suffix 0 signifies some reference condition of the system. Since

(p—po)lpo= —(T-T1)/T, and (aX/aP)To = XolPo>

it follows that (X — xo)[pem = — (T —-Ty)|T,, (2.12)
N 2u? N i )
= T =T == 1. 2.1
where m M(0'+ 3kBT0) and ¥, Mpo(a + 3,7, (2.13)

The total body force F acting on unit volume of gas is then
F=F,+F, =pg+ixygrad E% (2.14)

It remains now to discuss the determination of the electric field E. Since the
dielectric susceptibility of the gasis very small (e.g. 4my = 7-2 x 10~3for ammonia
gas at N.T.P.), assumption (i) implies that equation (2.5) can be approximated to
simply by

divE = 0. (2.15)
It then follows from (2.4) and (2.15) that
E= -grad¢ and V¢ =0, (2.16)

where ¢ is the electrostatic potential. Equations (2.15) and (2.16) are equivalent
to the statement that the electric field is uninfluenced by the non-uniform motion
of the gas.

With the aid of equations (2.14), (2.16), (2.7) and (2.12) the combined electrical
and gravitational body force may be determined for any system. In fact the
electrical body force is analogous to the gravitational body force. This can be
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seen more clearly on consideration of the defect in these forces produced by heat-
ing the gas. The gravitational buoyancy force per unit volume of gas is

(F—Fo), = (p—po)& = —pl(T —Tp)/To} 8, ' (2.17)
and the electrical buoyancy force per unit volume of gas is
(F—F,), = 1(x—xo) grad E2 = — p m{(T —1T,)/T;} grad E2. (2.18)

Furthermore, it follows from (2.17) and (2.18) that a non-homogeneous electric
field E will produce, at any position, a substantial electrical buoyancy effect if

}grad (mE?) > g, (2.19)

a condition which can be satisfied in practice provided the gas is paraelectric.

Thus the equations relating to the steady convective motion of a heated
paraelectric gas in the presence of an electric field are (2.1), (2.2), (2.3), (2.14),
(2.7), (2.12) and (2.16) subject to certain boundary conditions to be stated as
required. Note that all physical constants appearing in these equations must be
evaluated at the reference temperature 7,. In the following, the e.s.u. and c.g.s.
systems of units are adopted.

3. The influence of a radial electric field on the cooled up-flow (or
heated down-flow) of a paraelectric gas between vertical concentric
cylinders

Consider the steady fully developed laminar flow, under a pressure gradient,
of a paraelectric gas between vertical concentric cylinders of radius ¢ and b cm
respectively (b > @), which are maintained at a uniform temperature gradient
(7/a) °C/em in the direction of the axis. The system will be referred to cylindrical
polar co-ordinates (r, ¢, ) and due to axial symmetry will be independent of ¢.
The cylinders are charged to potentials V, and V, volts resulting in the electro-
static field

E,=Eqfr, E,=E,=0, (3.1)
where B, = (V,—V,)/300alog (b/a) e.s.u. The temperature of the walls is
T,=Ty,—1xla (T >0). (3.2)
A similarity solution of the basic equations of motion is possible provided
v = {u(r),0,0}, T =1T,+06(r). (3.3)

The equation of continuity (2.1) is identically satisfied, and the momentum
equation (2.2) and thermal energy equation (2.3) become

_1op .
0= ;%+VV u—g, (3.4)
_ lop xEia®
0= —;g——pﬂ , (3.5)
0 = V20 + (1/ka)u, (3.6)

1d/ d
2 _ -2 (2
where now V2 = o (r dr)'
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If E, is zero equations (3.4) and (3.5) imply that the pressure will vary only in
the direction of flow. The resulting similarity solution relates to the combined
free and forced convection for a fully developed cooled up-flow (or heated down-
flow). A detailed discussion of these equations has been given by Morton (1960)
for the combined free and forced convection in a uniformly cooled (or heated)
vertical tube.

Now if E, is non-zero equation (3.5) implies a radial pressure gradient. More-
over, as ) decreases linearly with increasing height (see equations (2.12), (3.2)
and (3.3)) there will be an induced axial pressure gradient due to the electric
field. More precisely, on using expressions (2.7) and (3.3), equation (3.4) is

pV*u+ fgp,,0 = 0p[0x + pyg, (3.7)
where £ = 1/T;. Equation (3.7) implies that
op[ox+pypg = F(r); (3.8)

and on using (2.7) and (3.2), and integrating, it follows that
p(@,1) = xF(r)— pogie + (B7/2a) 2%} + G(r)
and so from (3.5) the unknown functions F(r) and G(r) must satisfy
F'(r) = —fpymrE2alrd and G'(r) = —{xo— Bpem0(r)} Eia?|r3.
Hence F = BpymtE2al2r? +C, (3.9)

where C is a pressure-drop constant, i.e. the dynamic pressure gradient when the
electric field is zero. Finally the equation of motion (3.7) simplifies to

V2u + (Bg/v) 6 — pmrE2a/2vr? = pC, (3.10)
which together with equation (3.6) is to be solved subject to the boundary
conditions w(@) = u(b) = 6(a) = 6(b) = 0. (3.11)

Equations (3.6), (3.10) and (3.11) can be expressed in non-dimensional form
by introducing the new variables

R=rla, X==z/a, U=oau/k and O =0/r. (3.12)
These equations then become:
1d de
EEE(RdR)+U—O (3.13)
1d au gA
and U=0=0 at R=1 and bfa. (3.15)

Here A = fgrad/kv is the Rayleigh number based on the inner tube radius and
the temperature drop along the walls in a length equal to this tube radius;
v = (a®/kvp,) C is a dimensionless pressure-drop constant; £ = mE?/gais a dimen-
sionless group involved in the ratio of electrical buoyancy force to gravitational
buoyancy force for the system.
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For convenience let U and @ be each divided into two parts as follows:
U= —vyU+£AU, (3.16a)
and 0 =y0,+£40,. (3.16b)

On substitution of (3.164) and (3.162) into equations (3.13) to (3.15), and
equating to zero the coefficients of y and £, the functions (U,, ®,) and (U,, ®,)
are found to satisfy:

1d (,dO, .14 (.4 _
Ted‘R(Rﬁ)"fc—O’ Rﬁ(Rd_R)—A@”__I’} (3.17)

and U,=0,=0atR=1 and b/a;

1.d (,de, _ 14 (_d, _ 1
“d—R(Ra‘R‘)“Ue*O’ EER(REF)JFA@@_W’} (3.18)
and U, =0,=0atR=1 and b/a.

Physically —yU, and y ©, are the dimensionless velocity and temperature com-
ponents due to the applied pressure gradient and the gravitational buoyancy
force; £AU,and £4 0, are the dimensionless velocity and temperature components
induced by the electrical buoyancy force.

If ©, is eliminated from (3.17), the result is

a2 1 d\?
(dTeZJFRER) U, =0, (3.19a)
subject to the boundary conditions
) =Upa) =0, (L +1% g __1 at R—1andbja, (3.195)
(] = Uy(b/a) = 0, (d—R2+REﬁ£ = — a = , 3

respectively. The solution of (3.19a) and (3.195) can be expressed in terms of the
zero-order Bessel functions Jy,(A1R) and ¥,(4%R) and the modified Bessel functions
of zero order I(A1R) and K (A%R). The solution is

U, = ¢, Jo(AXR) + ¢, Yo(A1R) + ¢, I(A1R) + ¢, Ko(A1R), (3.19¢)

where the constants of integration ¢; are:

2437, ¢, = Yy (bAja) - Yy(A),  24%Ac, = Jy(4%) - Jy(bAY/a),
240,05 = Ko(AY)— K (bAYa), 24%A,c, = I,(bA%/a) —Io(Ai).} (3.194)
Here A, = J(AY) Y (bAt|a) - J(bAY/a) Y (AD), (3.20)
and A, = I(AY) K(bA}/a) — I(bAY[a) K \(A}). (3.21)
Moreover, if @, is eliminated from (3.18), the result is
(b o2, 5220
subject to the boundary conditions

da 1d 1
U,(1) = U,(b/a) = 0, (d_m+RE) U, = BY7 at BR=1 and bfa,

(3.220)
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respectively. Introducing the functions

R R
By(43R) = J(AIR) [ LV 44R)dR-Ty(44R) [ L I(a*R) AR,
1 1
(3.22¢)
R R
and B,(A}R) = I(AIR) f %KO(A%R)dR—KO(A%R) f %IO(A%R)dR,
1 1

the solution of (3.22a) and (8.225) can be expressed in the form:
U, = d,Jy(AR) + d, Yo(AXR) + dy [(AER)
+d, K (AR) - }nB(AtR) + 1B,(A%R). (3.22d)

The constants of integration d; were obtained as follows:

80;d; = —n¥y(A}) By(bAtja), 8A,dy = mJy(A}) By(bA}ja),

3.22
47, d, = K(AY) B,(bAYa),  4A,d, = — (A} B bA&/a} (8.22¢)

The integrals occurring in equations (3.22¢) cannot be expressed in terms of
Bessel functions but can be evaluated numerically by quadratures. Expressions
for ©, and @, are not given as these are readily obtained using equations (3.17)
and (3.18) and expressions (3.19¢) and (3.22d).

Examination of (3.20) shows that there are critical values of 4 for which
A; = 0.1 Then the constants of integration ¢;, ¢,, d;, ds, occurring in expressions
(3.19d) and (3.22¢), are infinite thus giving infinite velocity and temperature
distributions. For example, if b/a = 2, the critical Rayleigh numbers are
At = 3-1230, 62734, etc. Non-dimensional velocity functions U,and U, are shown
in figure 1, and the temperature functions @, and @, in figure 2, for A% = 1, 2
and 3, taking b/a = 2. It can be seen that |U,|, |U,|, |®,| and |@,| increase at first
slowly with increasing 4 and then increase extremely rapidly as the critical value
A% = 3-1230 is approached. In the terminology of Morton (1960) the solution is
then said to ‘run-away’. The explanation given by Morton is that as the tempera-
ture gradient along the walls is increased, greater buoyancy forces are produced
leading to higher gas velocities, and so to a further increase in the buoyancy force.
In the range 3-1230 < A < 6-2734 the velocity and temperature functions were
found to have a different character. In fact U,, U,, ®, and ©, were then found to
alternate once in sign indicating an up-flow and down-flow near the inner and
outer walls, respectively. Furthermore, as pointed out by Morton, the more
complicated flows that theoretically exist above At = 3-1230 would probably
not occur in practice, as they would require improbable end conditions. Moreover,
at or near A% = 3-1230 the laminar similarity solution discussed in this section,
would probably be in error since in practice the flow may become unstable and
then turbulent.

From figures 1 and 2 the dimensionless velocity and temperature profiles may
be obtained for specified values of the parameters y and £ (see expressions (3.16a)

o]
t The integral Jiy(z) = f 1 Jo(z)dz has been evaluated by Lowan, Blanch &
Ambramowitz (1943). z Z

1 The roots of the transcendental equation A; = 0, for various values of b/a, have been
tabulated by Carslaw & Jaeger (1947, p. 379).

13 Fluid Mech. 15
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and (3.165)). Physically y > 0 corresponds to a heated down-flow, whilst y < 0
corresponds to a cooled up-flow; these flows are due to the applied pressure
gradient and the gravitational buoyancy force. However, § > 0 corresponds to
a heated down-flow induced by the electrical buoyancy force. Thus the gas velo-
city in a cooled up-flow between vertical concentric cylinders will be reduced in

02 T T T T —0-02 T T T T
G, A=16
U, A=16 h
g 9, A=1
ol ' A=1 i —ooll 4
U, A=81 56, A=81
S <
. 00 ® o0
S ®
5U,, A=81
e 30, A=8l
~002- 4 ~oo0n2k .
U, A=1
0, A=1
U, A=16 oA 16
—0-04 1 1 | ] —0-004 i 1 I 1
10 12 14 16 18 20 10 12 14 16 18 20
R R

Fieure 1. Non-dimensional velocity func- Fieure 2. Non-dimensional temperature

tions U, and U, for A = 1, 16, 81. Actual functions ®, and ©, for 4 = 1, 16, 81.

non-dimensionalvelocity U= —yU,+ £AU,.  Actual non-dimensional temperature ® =
790 +£4 ®e'

magnitude if an electrostatic potential difference exists between the cylinders.
It is perhaps instructive to establish an approximate condition for the electrical
buoyancy effect to be comparable in magnitude with the combined effect of the
pressure gradient and the gravitational buoyancy effect. Consider the relative
magnitude of the terms on the right-hand side of equation (3.14). If, say,

).

) , (3.23)

bla
y f RAR
1

(b —a?)
Aa?log (ba)

bla 1
1

ie. £= 0(
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the electrical and combined pressure-gradient and gravitational effects will be
of the same order. Taking b/a = 2, the condition (3.23) gives £ = O(4-4y[4), a
result verified by the exact calculations shown in figures 1 and 2, where it is seen
that the ratios |U,|: |U,| and |©,]:]0,]|, at any R, are both approximately in the
ratio 5:1. Having established the validity of (3.23) it follows that the gas velo-
city in a cooled up-flow (y < 0) will be virtually reduced to zero if an electric

field of magnitud
A 20 [ oan
mAalog (b/a) o
is applied at the inner cylinder.

The heat transfer coefficients at the inner cylinder r = a and the outer cylinder
r = b can be expressed in terms of the Nusselt numbers

do do
V=2 (g) L e wa=1(F) (3.24)

respectively. In terms of dimensionless quantities

_ (40 de, de, B ©
Vo= (G),.. = (VTR AR, = 7 v e 20)
_ (19 do, A ) @
and Nu, = (dR)R=b/a ( dR +£4 dR)R e = yn® + EAn{D. (3.26)
Here
An® = o, Jy(AY) + ¢, ¥y(4%) + cg I (AY) + ¢, K (42)], } (3.250)
AinV = [clJl(bAi/a’) + czyl(bAi/a) +cg L (bAt[a)+ c4K1(bAi?/a)]; ‘
A = —[d, J,(4}) + d, Ty(AY) + dg (A1) + d, K, (A1), ]

and Abn® — — [d T (bAja)+d,Y,(bAtja)+d; L,(bAY/a)

+d, K (bAYa)+~ { (bA/a) f 1 g, (4tR)dR

_K,(bA}[a) f 2 T,(41R) dR}

__{ (bAY/a) f " L y,(41R)dR—¥,(bA}/a) f —J(AiR)dR”

(3.26a)

In expressions (3.25a) and (3.26a) J; and Y, are Bessel functions of the first order
and [, and K are modified Bessel functions of the first order. The non-dimensional
quantities n(°> n®, n® and n{Y are shown in figure 3 for bja = 2 and

0 < At < 3-1230,

the first critical Rayleigh number; there is little variation in these quantities
for small Rayleigh numbers, but as the first critical Rayleigh number is ap-
proached there is a large variation.

The rate of volume flow through the annulus is

b bla
Q= 271f urdr = 27rakf (—vyU,+EAU,) RdR. (3.27)
a 1

13-2
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From (3.17), (3.18), (3.25) and (3.26) it follows that

bla b (dO, do, b 0 o
1 A I
bla _ b (dO, do, b w e
and 1 URik = (dR)R=b/a— (dR)R=1 Tt e
Hence the rate of volume flow through the annulus can be simply expressed in
the f
o Q = 2mak(—yq,+£Aq,), (3.28)
where g, = (bja)nd —n® and q, = (b/a)ni’ —n®.
T 1 T
02| 004
2 (D
o
00 0:00
nc

-02

—-04

Frcure 3. Quantities n®, n), n® and n{t shown as functions of A% up to the first critica
Rayleigh number. At the inner wall the Nusselt number Nu, = yn®+£4n®, and at the
outer wall the Nusselt number Nu; = yn{l) + £An(. The volume rate of low through the
annulus is @ = 2mak(yq.+£Aq,), where g, = (b/a) n{®'—n® and g, = (b/a) n{P—n@,

The quantities ¢, and ¢, for bja = 2 and 0 < A% < 3-1230 are readily obtained
from the results shown in figure 3.

Consider, as an illustration of the above theory, the convective motion of
ammonia gas between concentric cylinders of radius ¢ = 1cm and b = 1cm,
and for which y = +250 and 4 = 16. First, since 4 = fgra®/kv and taking
T, = 25°C, it follows from table 1 that there must be a wall temperature decrease
of 0-8°C/cm; on using (3.12), (3.16a) and (3.16b) it follows from figures 1 and 2
that at r = 0-75 cm the actual velocity u, = F 11 cm/sec and the actual tempera-
ture 6, = F3°C. If now the potential difference between the inner and outer
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cylinder is 7-3kV then mEZ%/ga = 50, and so at r = 0-75 cm the electrical induced
velocity and temperature are 4, = —8cm/sec and 0, = —1°C. Furthermore,
under these conditions ynl® = F 15, £4n® = —13 at the inner cylinder; also
v = + 10 and £4AnY = + 6 at the outer cylinder. Hence if

dl,jdx = —0-8°Clem, a=}cm, b=1cm

and the potential difference is 7-3kV, then (i) the actual velocity ¥ = — 19 cm/sec
and temperature 6 = —4°C at r = 0-75cm, provided y = +250; and (ii)
u = 3cm/sec, = +2°C at r = 0-75¢cm, if v = —250. Moreover, the Nusselt

N = 6-0228 x 10% per g mol p = 7-7x 103 g/cm?
M =17

o = 63 cm?/g mol v = 0-14 cm?/sec

B = 144 x 108 dyn em k = 0-145 cm?/sec
kg = 1-380 10-B erg/°C m = 494 cm?/mol

TaBLE 1. Physical constants for ammonia gas (Loeb 1927; Kaye & Laby 1928;
Childs 1946).

number at the inner wall due to a pressure gradient y = — 250 is decreased by
859, and at the outer wall there is an increase of 60 9, if there exists a 7-3kV
potential difference. The signs of the above percentages are changed if y = + 250.

It should be noted that there is a limit to the magnitude of the potential
difference between the cylinders. As far as the author is aware information is
not available for ammonia but this should not be too different from the data for
air for which the peak sparking voltage is approximately in the range 15 to 20kV
for a } cm spark gap (see Kaye & Laby 1928).

Finally the above analysis has been developed for an unstable thermal strati-
fication of the gas. Stable thermal stratification is obtained if the wall tem-
perature increases with height and a corresponding analysis for a paraelectric gas
with an imposed radial electric field could be developed but will not be considered
in the present paper (see Morton 1960).

4. Convection due to a heated charged sphere in a paraelectric gas

Consider a sphere of radius ¢ maintained at a constant temperature 7,
where T} > 7T, the ambient temperature of the surrounding paraelectric gas;
the sphere is charged to potential ¥V, V. The system will be referred to spherical
polar co-ordinates (r, 0, ¢), & being measured from the lower stagnation point.
From equations (2.16) it follows that the electric field components are:

E, = E,a?/r?, (Ey=E;=0), (4.1)
where , E,=V,/300a e.s.u.

Due to symmetry the system will be independent of ¢. The equations to be
solved are given in §2. On elimination of the pressure from equation (2.2) there
results the equation:

— peurl (v x curl v) = curl F — pvy curl curl curl v. (4.2)
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The equation of continuity is satisfied identically by the components

1 oy 1 oy

v= (—rZSinH@’ rein6 or’ 0)’ (4.3)
where i is the stream function. On substitution of (4.3) into (4.2) and (2.3) and
using (4.1) and (2.14), there results a pair of coupled non-linear partial differential
equations in yr and 7', to be solved subject to the boundary conditions

v=0, T=1T, on r=a, and v—>0, T>T, as r->oc0.

A complete solution of these equations would be a formidable task and herein is
given an approximate solution of the corresponding boundary-layer-type
equations, which are now derived.

Let units of length, electric field strength, temperature difference and velocity
be a, B, T,—T, and v/a respectively. Dimensional analysis of the y» and T'
equations leads to the introduction of the three dimensionless parameters:
G = Bga’(T, — T,)/v?, the Grashof number; P = v/k, the Prandtl number; and
£ = mE?|ga, already introduced in §3. Physically speaking, the Grashof number
represents the ratio of the gravitational buoyancy force to the viscous forces.
The laminar convection flows of interest here are those associated with moder-
ately large Grashof numbers, i.e. G > 10 This restriction implies that all viscous
and thermal effects are confined to a thin boundary layer next to the heated
charged sphere. Following the usual boundary-layer theory approach for obtain-
ing an asymptotic solution for large G of the ¥ and T equations, it was found
convenient to introduce the new variables:

R=rla=1+G%y, =06, ©=y/vaGt, O =(T-T)(T1-Ty). (4.4)

The equation of motion (4.2) is now expressed in terms of these variables. Thus
on using (4.3) it follows that:
leurlcurlv = [0, 0,22 g L P o } (4.5a)
pvceurlcurlcurlv = . ,_C;‘— '—m ay4 5 .
and

2 3 3
peurl (v x curlv) = ‘0, 0,%6&[ ! (8@8 o 8(D£D_)

R3gin?x

2cosx 8(D82(D 2G’ -1 8(D8(D

furthermore, on using (2.14) and (4.1), there results the expression

(0,026t O (con- ) 29]
curl F = {0, 0, 7 G [smx 3 + \cosr—g) || (4.5¢)
On substitution of (4.5a), (4.5b) and (4.5¢) into (4.2) there results the equation
134_(13_*_ . 8®+1 1 (B(Daa(D o® 63(D)_2cosx8_(l_)§_29
R oyt 6y R®|sin?x \ox 0y® Oy owoy?] sindx Oy oy?
1 1  0dod 26\ 00
= —i —_— ] - _* .
¢ R [Rasinza: ox Oy? ( R5) ]+0(G ). (4.6)
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Further simplification of this equation is possible on introducing the dimen-
sionless velocity components:
1 00 1 00

“gnzay ™ V=G (4.7)

where U and W satisfy the equation of continuity

¢/ox (U sinz) +0/oy (Wsinz) = 0. (4.8)
Then equation (4.6) is reduced to
L0 ing20 L2 (20 20)
Bor T %% " By\"w " oy
oU 28\ 00
=Gi= -4
=G B [R3 W — 3 + (cosx R5) P ] +0(G—2). (4.9)
Similarly, on using (4.4) and (4.7), the temperature equation (2.3) becomes
020 00 00 00
2% & °~ -1 4.1
e P(Uax+Way) 26 R, (4.10)

Equations (4.8), (4.9) and (4.10) are to be solved subject to the boundary con-
ditions:

U=W=0, ©0=1 at y=0, and U->0, O->0 as y->o0.
(4.11)

There are now several points to be discussed concerning equations (4.8)
to (4.11). It should be noted that when G'is very large such that terms of O(G—1)
may be neglected, then R = 1 and the terms on the right-hand sides of (4.9) and
(4.10) vanish. There results, if §{ = 0, the conventional boundary-layer equations
for the free convection from a heated sphere:t

02U oU oU
b +0Osinz = Ug+W@,
(Us1nx)+ (Wsmx) =0, (4.12)
2
and ) P(U— Wa—®) =0.
% oy

These equations assume that the pressure across the boundary layer is constant.
However, when G is moderately large (i.e. 10* < @ < 108), terms of O(G-%) in
equations (4.9) and (4.10) should not be neglected. In fact those terms of O(G-%)
on the right-hand side of equation (4.9) which involve the temperature give rise
to a pressure gradient across the boundary layer; these terms are due to the
radial component of the gravitational buoyancy force and to the electrical buoy-
ancy force. Thus, to examine the effect of a radial electric field on the free-convec-
tion from a heated sphere, terms of O(G—%) in equations (4.9) to (4.11) must be

t Merk & Prins (1954) have obtained approximate solutions to these equations, for a
wide range of Prandtl numbers, using a method. developed by Squire (1938).
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retained. Moreover, to the same approximation, the variable R cannot be replaced
by unity. In a similar fashion the pressure gradient across the boundary layer
has been taken into account by Levy (1955) in a theoretical investigation of the
free convection from a heated horizontal cylinder.

A modified momentum equation is now obtained from (4.9) as follows. Since
U and ©® — 0 as y — oo it is reasonable to assume in addition that 0U /oy, RoU /oy,
R202U [oy? and R*0® — 0 as y — c0; these assumptions are probably equivalent to
the assumption that U and @ decay at least exponentially to zero as y — co.
On multiplying both sides of equation (4.9) by R?dy and integrating with respect
to y from y to o0, and using the equation of continuity (4.8), there results:

2
R6-U—+R2@sinz_i(UaU+ WaU)

oy? R oz oy
oU ® wU
= —i —_— i —_—————
G [ay 2smzL ROdy 7
© (U\2 © 2£\ 00 3
+cotxfy (R_) dy+fu (Rcosx—ﬁz)a—dy]+0(6¥ ). (4.13)

This equation, together with the thermal equation (4.10), may now be solved
approximately using the method of Squire (1938). The actual range of integration
y = 0 to oo is replaced by the effective range y = 0 to &, where ¢ is the boundary-
layer thickness. In doing so it is assumed that the hydrodynamic and thermal
boundary-layer thicknesses are equal. This assumption is exact if P =1 and
only approximately true when P ~ 1. The dimensionless velocity and thermal
profiles are taken to satisfy

U=0, =1 at y=0,

oU 20 (4.14)
U=0, ©=0, _ag_@_o at y=2.
These conditions are satisfied by
_Fw¥(1-Y)° _(1-%)
U - F(x)a( a) and © = (1 a) . (4.15)

Modified momentum and thermal integral equations are obtained on integrating
equations (4.10) and (4.13) across the boundary layer from y = 0 to y = § and
using (4.8)and (4.14). These are:

oU & 0 51]2
= i 2 —{= =
(ay)0+slnxfo R*Ody (ax+cotz) J; % dy

[} 8 8 [} U 2
= G’“i[——ZsinxJ (f R@dy)dy+cotxf (f (—) dy)dy
' 0 \Jy 0o \Jo R

+fa (F (R cosx—%%) %dy) d?/] +0(G-}), (4.16)

0 y

00 0 2
and — (@)0 = P(gz+cotx) fo UOdy. (4.17)
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On substitution of the assumed profiles (4.15) into (4.16) and (4.17) there results,
after some algebra, the following equations for determining the unknown func-
tions F'(z) and d(x): 60 1 z gin 2

~ Pésinz)y &
F23dd/dx + 3562sinx + F20% cotx — 15(7 + 8/P) F
+G-18[(45/P) F + 3502sin x — $ 202 cot x — 3% (cos « — 2£) 8 d8/dx]
+0(G-%) =0, (4.19)
subject to the boundary condition
déjde =0 at x=0. (4.20)

dx, (4.18)

These equations have been solved numerically, using a step-by-step finite
difference method, for the following cases:

Gt = 20, 25, 30 and 40,
£ = mE%ga = 0, 1, 5 and 10,

and taking P = 0-98 for ammonia gas.
The mean value of the Nusselt number is defined as

- 1~ . 1~ a ol . .
Nu=§f0 Nusm@dﬁ—ﬁfo M(W)hasmede, (4.21)
in terms of the dimensionless moduli we obtain
Nu 17 (00 . 7sinz
o =3 fo (@)Wosmxda; = fo de' (4.22)

Results for Nu/G* are shown in figure 4 for the above values of Gt and £. For
example if the sphere has a diameter of 5 em then £ = 0, 1, 5 and 10 corresponds
to the sphere being maintained at the potentials 0, 1617, 37-35 and 52-84kV,
respectively (see table 1).

The influence of a radial electric field on the convective motion due to a heated
sphere in a paraelectric gas may be summarized as follows.

(i) Asthe applied electric field increases the electrical buoyancy force increases
causing a decrease in the boundary-layer thickness and so an increase in the heat
transfer at the surface. Thus if ¢ = 2:5cm, 7} = 20°C and 7} —7; = 60 °C then
for ammonia G = 20; as seen from figure 4 the electrostatic potentials 16-71,
37-35 and 52-84kV will then produce in Nu/G¥ increases of 3%, 16 and 289,
respectively.

(ii) The presence of the electric field will probably delay separation near the
upper pole of the sphere. However, information cannot be gained on this topic
from the above approximate method of solution of the basic equations of motion.

Now with regard to the method of solution adopted it is evident that the
results obtained on the free convection (£ = 0) from a heated sphere in ammonia
gas are more accurate than those calculated from the conventional laminar
boundary-layer equations (4.12). For confirmation with experimental results a
similar calculation was carried out for the free convection from a heated sphere
in air. Recent measurements by Bromham & Mayhew (1962) on the laminar free
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convection from a heated sphere, having a diameter equal to 4inches, gave the
results Nu = 0-378 G#, for the range 4 x 105 < G < 106. Taking P = 0-7 and
G = 81 x 10%, then Squire’s procedure applied to the modified boundary-layer
equations (4.10) and (4.13) gave Nu = 0-369 G%, whilst when applied to the con-
ventional boundary-layer equations (4.12) Merk & Prins (1954) obtained
Nu = 0-365G%. Obviously the difference between theory and experiment, in
this range of Grashof number, is not explained by accounting for such terms as

0-60 T T T
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[=]
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0-40 1 I |
20 25 30 35 40
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FIGURE 4. Mean Nusselt number Nu for a charged sphere in ammonia gas
for various £ = mEs/ga.

the pressure gradient across the boundary layer. The discrepancy is probably
due to the basic assumptions of § 2 together with an inadequate treatment of the
plume at the upper pole of the sphere. However, if the gas is paraelectric and
a radial field is imposed then there will be a substantial modification in the pres-
sure across the boundary layer due to the induced electrical buoyancy force.
Thus the method of solution adopted should be sufficient to predict general
trends and the correct order of magnitude of the effects caused by the electric
field.

5. Further comments

This paper deals entirely with the effect of an electric field on the convection
and heat transfer in a paraelectric gas. It is evident that substantial electric
fields are required to produce observable changes in flow and heat transfer
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characteristics. However, the effect of an electric field on heat transfer may be
even more apparent for fields of smaller intensity, in the case of a dielectric liquid.
This would follow from the fact that for polar liquids the dielectric constant and
its temperature dependence are large compared with those for a paraelectric gas.
A possible approach for obtaining quantitative information on the effect of an
electric field on heat transfer in a dielectric liquid would be to use empirical
relationships for the variation of the density and dielectric susceptibility with
temperature to replace expressions (2.7) and (2.12), respectively; also it might
be necessary to revise the simplified equations (2.16) for the calculation of the
electric field. This approach would describe body motions in the liquid as a direct
consequence of the defects in the gravitational and electrical body forces pro-
duced by heating. It appears, however, that body motions can be produced in a
dielectric liquid by an electric field even in the absence of heating. Thus Avsec
& Luntz (1937), using electric field strengths of up to 10kV/em, have observed
steady cellular patterns of motion in light oils. For example if the gap between
two concentric cylinders is filled with a dielectric liquid and the outer cylinder is
earthed whilst the electrical potential of the inner cylinder is raised then at some
critical potential difference a two dimensional toroidal motion of the liquid
occurs. In a second experiment Avsec & Luntz (1937) observed that an electric
field can produce steady cellular motions in the interface regions between two
immiscible dielectric fluids. A quantitive study of this latter type of instability
in surface electro-convection has been made by Malkus & Veronis (1961). It is
evident that an understanding of the former type of internal electroconvection
is essential in the development of any theory on heat transfer in dielectric
liquids.

One further comment may be of interest. Ivey & Lee (1956) attempted to
repeat the experiments of Schwarz (1949) using moist air with a view to construct-
ing a continuous-reading hygrometer. No appreciable change in heat transfer
was produced by the electric field. The explanation is likely to be that H,O
molecules tend to associate in groups having an effective zero dipole moment
(see Le Févre 1948).

The author is indebted to Dr B. R. Morton for some detailed and extremely
helpful comments on an earlier form of this paper.
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